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ABSTRACT
Using axisymmetrical numerical simulations, we revisit the gravitational drag felt by a gravita-
tional Plummer sphere with mass M and core radius Rs, moving at constant velocity V0 through
a background homogeneous medium of adiabatic gas. Since the potential is non-diverging, there is
no gas removal due to accretion. When Rs is larger than the Bondi radius RB, the perturbation is
linear at every point and the drag force is well fitted by the time-dependent Ostriker’s formula with
rmin = 2.25Rs, where rmin is the minimum impact parameter in the Coulomb logarithm. In the deep
nonlinear supersonic regime (Rs ≪ RB), the minimum radius is no longer related with Rs but with
RB. We find rmin = 3.3M
−2.5RB, for Mach numbers of the perturber between 1.5 and 4, although
rmin = 2M
−2RB = 2GM/V
2
0 also provides a good fit at M > 2. As a consequence, the drag force
does not depend sensitively on the nonlinearity parameter A, defined as RB/Rs, for A-values larger
than a certain critical value Acr. We show that our generalized Ostriker’s formula for the drag force
is more accurate than the formula suggested by Kim & Kim (2009).
Subject headings: interstellar medium – ISM: structure – hydrodynamics
1. INTRODUCTION
A gravitational perturber moving through a gaseous
background creates a density wake in the medium. The
complexity of the wake has motivated a number of groups
to tackle the problem using numerical simulations (e.g.,
Hunt 1971, 1979; Shima et al. 1985; Ruffert 1994, 1996;
Sa´nchez-Salcedo & Brandenburg 2001; Canto´ et al. 2011,
2012). The gravitating object induces small disturbances
in the far-field ambient medium (i.e. in streamlines
with large impact parameters) and, consequently, the
far-field density structure of the wake can be derived in
linear perturbation theory (Dokuchaev 1964; Ruderman
& Spiegel 1971). Using this approach, Ostriker (1999)
derived the density wake behind a gravitational body of
mass M moving at velocity V0 on a straight-line trajec-
tory through a homogeneous infinite medium with un-
perturbed density ρ∞ and sound speed c∞, when the
perturber is dropped at t = 0. For subsonic perturbers,
the isodensity contours are closed ellipsoids, which do not
contribute to the drag force, except in the outer parts of
the wake where the ellipsoids are not closed. Supersonic
perturbers generate a density wake only within the rear
Mach cone.
Here, we are interested in the dynamical friction, that
is, the drag force onto the perturber due to the gravita-
tional interaction with its own induced wake. Thus, once
the density of the wake is known, the drag force FDF can
be computed as the gravitational force between the per-
turber and its wake. The drag force is usually written
as
FDF =
4piρ∞(GM)
2
V 20
ln Λ, (1)
where lnΛ is the Coulomb logarithm. For subsonic per-
turbers, i.e. M ≡ V0/c∞ < 1, Ostriker (1999) found
that, at times satisfying c∞t > rmin/(1 − M), the
Coulomb logarithm is
lnΛ =
1
2
ln
(
1 +M
1−M
)
−M, (2)
where rmin is the minimum radius of the effective gravi-
tational interaction of a perturber with the gas. In prac-
tice, for a point mass object, rmin is taken as the radius
at which the linear approximation breaks down. For su-
personic perturbers, the Coulomb logarithm is given by
lnΛ =
1
2
ln
(
1−M−2
)
+ ln
(
Mc∞t
rmin
)
, (3)
forM > 1 and c∞t > rmin/(M− 1) (Ostriker 1999).
Sa´nchez-Salcedo & Brandenburg (1999) tested numeri-
cally Ostriker’s formula when the perturber is extended.
This could represent a globular cluster orbiting in the
gaseous halo of its host galaxy, a young massive star
cluster in a merging system, an elliptical galaxy depleted
of gas in the intracluster medium, or a galaxy cluster in
a major merger environment (e.g., Naiman et al. 2011).
Sa´nchez-Salcedo & Brandenburg (1999) found that Os-
triker’s formula describes successfully the temporal evo-
lution and magnitude of the force experienced by a Plum-
mer perturber, when its mass M is small enough so that
the gas response to the perturbation is linear. For super-
sonic perturbers, they inferred rmin = 2.25Rs, where Rs
is the core radius.
Kim & Kim (2009, hereafter KK09) carried out ax-
isymmetric numerical simulations to study the flow past
a Plummer sphere in the linear and in the nonlinear
regimes. For the linear supersonic regime, they found
that the minimum radius in Eq. (3) depends slightly on
the Mach number: rmin = 0.35M
0.6Rs. Moreover, they
found in their simulations that the drag force is highly
suppressed in the nonlinear regime as compared to the
linear case.
In this paper, we revisit the drag force on an extended
2(non-accreting) gravitating object with a range of ve-
locities relative to the ambient medium. Our aim is to
provide a physically more motivated and more accurate
formula for the drag force in both the linear and non-
linear cases. In Section 2, we briefly recapitulate the
relevant scales in the problem, discuss the ambiguity in
the definition of the minimum radius and describe the
numerical code adopted in this paper. Section 3 is de-
voted to discuss the drag force in the linear case. The
results for nonlinear simulations are analyzed in Section
4. Finally, we summarize our findings in Section 5.
2. DYNAMICAL FRICTION IN A GAS: RELEVANT
SCALES, THE MINIMUM CUT-OFF DISTANCE AND
THE INNER BOUNDARY CONDITION
Consider the flow pattern past a gravitational object.
The inner structure of the wake (in the vicinity of the
object) depends on the adopted equation of state for the
gas (e.g., γ, if the gas behaves as a polytrope, P ∝ ργ)
and depends also on whether the perturber is a point
mass gravitational potential or a non-point mass distri-
bution (e.g., Naiman et al. 2011). As a consequence,
the drag force may depend on γ and on the adopted in-
ner conditions. For instance, Lee & Stahler (2011) found
that, for subsonic perturbers with M < 0.75, the drag
force felt by a point mass (accretor) is higher than what
Ostriker’s formula predicts for extended non-accretors.
For hypersonic perturbers, however, Canto´ et al. (2011)
argued that the drag force expressions (1) and (3), are
still valid for a point mass accretor, provided that rmin is
chosen appropriately. Canto´ et al. (2011) demonstrated
that rmin ≃ 0.8GM/V
2
0 for a hypersonic point mass.
For a non-point mass perturber, there are three in-
dependent characteristic radii in the problem: the soft-
ening length Rs, the Bondi radius RB ≡ GM/c
2
∞
and
the gravitational radius or the so-called accretion ra-
dius1 RA ≡ 2GM/(c
2
∞
+ V 20 ) = 2RB/(1 +M
2). On
dimensional grounds, one expects that the minimum ra-
dius rmin in Equation (3) may be expressed as a certain
combination of the three characteristic radii.
The linear analysis is expected to provide a good esti-
mate of the drag force in circumstances where the depth
of the external gravitational potential Φext(0) is small as
compared to c2
∞
, so that the disturbances are small at
any location. Therefore, the linear analysis is tacitly as-
suming that the gravitational potential is non-divergent.
For an extended perturber with softening radius Rs, the
perturbation is linear at any location if the parameter
A ≡ GMc2
∞
Rs
= RB/Rs ≪ 1. In this situation, the only rel-
evant characteristic radius is Rs and, hence, one expects
a relationship between rmin and Rs: rmin = λ(M)Rs. In
this case, the response of the fluid is linear at any po-
sition and, therefore, the drag force is expected to vary
withM according to Equations (1)-(3). In other words,
λ is expected to depend very weakly on the Mach num-
ber in order to preserve the functional dependence with
M. The drag force depends implicitly on γ through the
sound speed in the medium. This suggests that λ ≃ λ0,
being λ0 a Mach-independent constant.
1 Note that our potential is non-diverging and mass is con-
served, implying that there is no accretion but accumulation of
mass around the perturber. Still, we use the term “accretion ra-
dius” to refer to RA.
Fig. 1.— Cuts along the symmetry axis of the perturbed density
α ≡ (ρ−ρ∞)/ρ∞ (upper panel) and of the magnitude α∂Φext/∂z in
units of GM/R2
B
(lower panel), using linear theory, for a perturber
of mass M traveling at Mach 2. To compute α, we consider two
cases for the pertuber: a point-mass perturber (dashed line) and a
spherical perturber of constant density with a radius a = RB (solid
line). In order to illustrate the error made when Equation (7) is
used instead of Equation (6), we plot the term α∂Φext/∂z, which
appears in the integrand of these equations, where Φext represents
the gravitational potential created by a homogeneous sphere of
radius RB .
Consider now the nonlinear case where RB ≫ Rs (i.e.
A ≫ 1). Under this circumstance, the softening radius
is likely irrelevant and thus one expects rmin to be linked
to either RB or RA (or both) in this limit. Since RA and
RB are simply related through RA = 2RB/(1 +M
2), it
is rather general to assume that rmin = λ˜(M; γ)RB. In
order to estimate λ˜, we need to study the behaviour of
the flow pattern within the Bondi radius.
Our aim is to find λ(M) and λ˜(M; γ) for a grav-
itational perturber, which is described by a Plummer
model, in an adiabatic gas (γ = 5/3). To that end,
we have carried out high-resolution axisymmetric sim-
ulations with a customized version of the hydrodynamic
code FLASH4.0. This scheme and tests of the code are
described in Fryxell et al. (2000). In particular, we
use the FLASH UG method (Uniform Grid) with the
split 8-wave solver to solve the whole set of HD equa-
tions in cylindrical coordinates. Our grid models have
10000 × 5000 zones in (R, z), with 6 zones per Rs, to
match the convergent requirement given in KK09. We
further tested convergence of our models for several res-
olutions and domain sizes. Our box is large enough for
the wake not to reach any of the boundaries of the do-
main.
3. THE LINEAR CASE: THE VALUES OF λ
3Fig. 2.— Dimensionless drag force at t = 100Rs/c∞ as a function
of Mach number (defined as V0/c∞) for a Plummer perturber in
the linear regime (A = 0.01). The solid line corresponds to the
Ostriker’s formula (Eqs. 2-3) with rmin = 2.25Rs.
We consider a gravitational perturbing body of mass
M at the origin of our coordinate system, surrounded
by a gas whose velocity far from the particle is Mcszˆ.
Suppose that the perturber is turned on at t = 0. Denote
by ρext the specified density field of the perturber and by
Φext its gravitational potential, thus ∇
2Φext = 4piGρext.
As already discussed in §2, the introduction of a softening
radius in the gravitational potential allows us to have
cases where the response of the gas to the perturbation
is linear at any position in space. This occurs when A ≪
1. Then, the perturbed density, defined as α = (ρ −
ρ∞)/ρ∞, can be calculated at any point in space by
α(x, t) =
1
M
∫
α˜(x− x′, t)ρext(x
′)d3x′, (4)
where
α˜(R, z, t) =
ξGM
c2
∞
1√
z2 −R2(M2 − 1)
. (5)
Here, z is in the direction of motion, R =
√
x2 + y2 is
the cylindrical radius and
ξ =


1 if R2 + z2 < (c∞t)
2;
2 ifM > 1, R2 + z2 > (c∞t)
2, z/R > (M2 − 1)1/2
and z < (M2 − 1)c∞t/M;
0 otherwise,
(see, e.g., Just & Kegel 1990; Furlanetto & Loeb 2002;
KK09).
In order to illustrate how the density in the wake de-
pends on the size of the perturber, consider the simplest
case where the perturber is a sphere of constant density
with radius a, that is ρext = 3M/(4pia
3) at r < a, and
ρext = 0 at r > a. Note that, in this model, the gravi-
tational force that the gas feels at r > a is identical to
the force created by a point mass. In Figure 1, we plot
the perturbed density α along the z-axis for a = RB and
M = 2, in the stationary wake. For comparison, we also
Fig. 3.— Dimensionless drag force, integrated on the whole
computational domain, versus time for a Plummer perturber with
M = 1.5 and A = 0.01 for adiabatic (solid line) and isothermal
gas (dashed line).
plot the perturbed density derived in linear theory for a
point mass. We see that the perturbed density α is no
longer singular at the origin (r → 0) when a 6= 0. Indeed
the maximum of α occurs at z = 1.75a (note that a = RB
in Figure 1). We also see that α ≃ α˜ at z ≃ 1.25a and
at large enough distances z & 3a.
Once α(R, z, t) is known, the strength of drag force can
be derived as:
FDF = 2piρ∞
∫
α
∂Φext
∂z
R dRdz. (6)
In a general case, the volume integral (6) must be com-
puted numerically. As a rough first order approximation,
however, Rein (2011) estimated the minimum cut-off ra-
dius rmin by approximating the drag force by
Fapprox = 2piρ∞
∫
α˜
∂Φext
∂z
RdR dz, (7)
that is, by replacing α for α˜ in Equation (6). The rea-
son is that at those distances where α is dissimilar to
α˜, it holds that ∂Φext/∂z is small. For instance, when
the perturber is described by a homogeneous sphere, the
integrand in Eq. (6) is underestimated at z < 1.25a
but it is overestimated at 1.25a < z < 2.5a (see Fig.
1). Using Eq. (7) and following the same mathematical
procedure as in Ostriker (1999), we obtain rmin = 0.71a
for the homogeneous sphere. In the case of a Plummer
pontential with core radius Rs, we infer rmin ≃ 1.36Rs
at times (M − 1)c∞t ≫ Rs. These estimates suggest
that rmin is expected to depend weakly on M, because
what determines the region where the gravitational po-
tential is no longer described by a point-mass potential
is Rs. Nevertheless, the goodness of the approximation
for FDF given in Eq. (7) can only be checked through
explicit calculations.
In the case where the perturber can be described
by a Plummer sphere, we have calculated rmin using
three different approaches: using a fully hydrodynami-
cal code (Sa´nchez-Salcedo & Brandenburg 1999), solving
the time-dependent linear equations (Sa´nchez-Salcedo
42012) and performing the 3D integral defined in Equa-
tion (4) numerically (Sa´nchez-Salcedo 2009). We have
always found rmin = 2.25Rs, which is slightly larger than
the value inferred following Rein’s approximation. How-
ever, our value is significantly different from the value
inferred by KK09: rmin = 0.35M
0.6Rs. For instance,
atM = 1.5, the fitting formula given by KK09 predicts
rmin = 0.45Rs. The difference in the values for rmin is
remarkable. At a time 15Rs/V0, i.e. when the perturber
has travelled a distance of 15Rs, the drag force using
rmin = 0.45Rs is twice the drag force when a rmin-value
of 2.25Rs is used instead. Since the drag force in the lin-
ear regime is used as the reference value, it is important
to have a robust determination of rmin.
KK09 argued that the difference between the two pre-
scriptions could be due in part to using different equa-
tions of state and in part to the lower spatial resolution
used in Sa´nchez-Salcedo & Brandenburg (1999) simula-
tions. None of these possibilities is fully satisfactory.
In Sa´nchez-Salcedo & Brandenburg (1999), we used a
non-uniform grid with more resolution in the vicinity
of the perturber, leading to 10 zones per Rs. On the
other hand, since the response of the gas is linear, Equa-
tions (1)-(3) are valid when the gas is either adiabatic or
isothermal, as long asM is taken as the ratio between the
velocity of the perturber and the relevant sound speed in
the medium.
In order to explore the origin of this discrepancy, we
decided to run adiabatic simulations, using the same pa-
rameters, code and resolution as in KK09. Simulations
with higher resolution produced no appreciable change
in the drag force. We define the dimensionless drag force
as FDF /F0 where
F0 =
4piρ∞(GM)
2
c2
∞
. (8)
The dimensionless drag force as a function of Mach num-
ber at t = 104RB/c∞ = 100Rs/c∞, for simulations with
A = 0.01, is shown in Figure 2, together with the pre-
dicted values using Ostriker’s formula (Eqs. 2 and 3) for
subsonic and supersonic perturbers, respectively. In the
supersonic cases, we used rmin = 2.25Rs, which corre-
sponds to λ = 2.25. The agreement between simulations
and the analytical formula is very good. We also checked
that the temporal evolution of the drag force is fairly re-
produced in these cases, using rmin = 2.25Rs. In order
to make a more direct comparison with KK09 findings,
we explored a rather artificial case where rmin depends
on the Mach number, as suggested in KK09. We found
that rmin = 1.5M
0.6Rs could provide an acceptable fit
to the evolution of the drag force for Mach numbers be-
tween 1 and 4, but only at times > 130Rs/cs. Still, the
derived value is a factor 4.3 larger than the value quoted
in KK09.
As an independent check, we ran the same simulations
but assuming an isothermal equation of state. As ex-
pected, the dimensionless drag force is not sensitive to
the adopted equation of state (see Figure 3). In the next
section, we consider nonlinear cases.
4. THE NONLINEAR SUPERSONIC CASE: THE VALUES
OF λ˜
The complex and multidimensional dynamics of the
flow in core potentials has been studied in the adiabatic
nonlinear case by KK09 and, more recently, by Naiman et
al. (2011), including also the isothermal cases. The latter
authors, however, were interested in the accumulation
of mass around the center of the potential and did not
report on the drag force. In order to have a reliable
estimate of the drag force, we carried out (adiabatic)
numerical simulations varying A between 8 and 50, for
various Mach numbers. In our simulations, we fixed M ,
ρ∞ and c∞ and onlyM and A vary from one simulation
to another. For G = M = c∞ = 1, the time unit is
RB/c∞ and so we define the dimensionless time as t˜ =
(c∞/RB)t. In these units, given A andM, it holds that
Rs = 1/A and V =M.
We found that the dynamics of our simulated flow is
consistent with those performed in KK09 and Naiman et
al. (2011). For subsonic perturbers, we confirmed the
result by KK09 that the nonlinear drag force reaches an
asymptotic value that is similar to the drag in the lin-
ear case, as given in Eq. (2), regardless the value of A.
Therefore, we will not discuss the subsonic case any fur-
ther; the reader interested in the subsonic case is referred
to KK09.
For supersonic perturbers with A & 1, the linear analy-
sis cannot capture the flow dynamics in regions with high
spatial gradients; that is, on the surface of the Mach cone
and at distances r . RB from the perturber. In Fig-
ure 4, we plot the density color maps and the velocity
field of the flow around a perturber with M = 1.5 and
A = 50. As already described by KK09, a bow shock
thermalizes the upstream flow, leading to the formation
of an envelope of highly subsonic gas in quasi-hydrostatic
equilibrium. In fact, since the flow at infinity is laminar,
shocks may occur for those streamlines that are bent sig-
nificantly. Streamlines with impact parameters b obeying
the condition
2GM√
b2 +R2s
< c2
∞
+ V 20 , (9)
will bend significantly and terminate in a shock (e.g.,
Krumholz et al. 2005). In terms of RA, this condition
for strong bending can be written as
b <
(
R2A −R
2
s
)1/2
. (10)
In a case where A ≫ 1, then Rs ≪ RA, condition that
reduces to b < RA. The incoming supersonic flow moving
close to the axis of symmetry collides with streamlines
that have larger impact parameters but have been bent
by the gravitational potential, leading to the formation
of a detached bow shock. We find that forM = 1.5 and
A = 50, the stand-off distance of the bow shock to the
perturber along the symmetry axis (R = 0), denoted by
δ, is ∼ 0.56RB = 0.9RA, which is in good agreement with
the value reported in KK09 (see their Figure 12). Since
the contribution to the drag force of material within a
sphere of radius ∼ δ is very small, because of the front-
back symmetry, we expect rmin & RA, which implies
λ˜ & 2/(1 +M2) in the deep nonlinear regime (remind
that rmin = λ˜RB).
In a situation where RA ≫ 2.25Rs (which also implies
that RB ≫ 2.25Rs), one expects that the relevant mini-
mum radius rmin for the gravitational interaction will be
solely determined by RB and M, because Rs becomes
5Fig. 4.— Density color maps in logarithmic scale, and velocity field at t = 1.5RB/c∞ (upper panel) and t = 15RB/c∞ (lower panel) for
a gravitational body with A = 50 andM = 1.5. The gas is adiabatic.
Fig. 5.— Dimensionless drag force using three analytical formulae (Ostriker’s formula [Eq. 3] with rmin = 2.25Rs [dashed line]; Eq. 11
with λ˜ = 1.25 [implying rmin = 1.25RB , dotted line]; and KK09 formula [Eq. 13, dot-dashed line]), as compared with the measured values
from the simulation, for a body withM = 1.5 and A = 20. The left-hand panel shows them as a function of time, whereas the right-hand
panel shows the ratio between the values obtained in the simulation Fsim and the values when the abovementioned analytical equations
are used.
6Fig. 6.— Dimensionless drag force at t˜ = 11.3, as a function of A
for a perturber with M = 2.5 (asterisks). The dashed line repre-
sents the drag force derived in the linear approximation (Equation
12 with λ = 2.25).
irrelevant as far as the drag force concerns. Under these
circumstances, the drag force, as a function of t˜, is ex-
pected to be independent of A:
FDF
F0
=
1
M2
[
1
2
ln
(
1−M−2
)
+ ln
(
Mt˜
λ˜
)]
. (11)
The parameter λ˜ that connects rmin with RB may be a
complex function of the Mach numberM, but it should
also depend on the equation of state (i.e. on γ for poly-
tropic gas). The condition RA ≫ 2.25Rs can be writ-
ten in terms of a critical value Acr, as A ≫ Acr, with
Acr = M
2 + 1. For a typical value of M, say M = 2,
Acr = 5.
Figure 5 shows the drag force as a function of t˜ for
a body moving at M = 1.5 and A = 20 (thus, A >
Acr = 3.25). We see that, at t˜ > 3, Eq. (11) with λ˜ =
1.25 (implying that rmin = 1.25RB) reproduces the mean
amplitude (not the fluctuations) and temporal evolution
of the drag force fairly well. For comparison, we also plot
Flin, that is, the drag force using Ostriker’s formula (Eqs.
1 and 3) with rmin = 2.25Rs. If the time is measured in
units of RB/c∞, Flin is given by
Flin
F0
=
1
M2
[
1
2
ln(1−M−2) + ln
(
AMt˜
λ
)]
, (12)
with λ ≃ 2.25 (see Section 3). As expected, a value of
rmin = 2.25Rs overestimates the drag force at any time.
KK09 suggested an empirical relation between FDF
and Flin through the parameter η ≡ A/(M
2 − 1). They
found that
FDF = (η/2)
−0.45Flin, (13)
for 2 ≤ η ≤ 100. Figure 5 shows that the ratio FDF /Flin
is not constant with time; its value is always larger than
(η/2)−0.45 = 0.39, implying that KK09 prescription un-
derestimates the drag force. The ratio FDF /Flin is not
Fig. 7.— Drag force as a function of time for A = 20 (solid lines)
and A = 50 (dashed lines). The correponding Mach number is
quoted at the corner of each panel. The dotted curves give the
drag force using Equation (11) with λ˜ = 0.33 (top panel), λ˜ = 1.20
(middle panel) and λ˜ = 2.54 (lower panel).
constant with time but approaches asymptotically to 1
when t˜→∞, i.e. when the contribution of the inner part
of the wake to the gravitational drag becomes small as
compared to the contribution of the far-field wake, which
increases logarithmically with time. In fact, at times
t ≫ RB/V0, the nonlinear part of the wake has reached
a quasistationary regime; FDF increases with time due to
the new material that is incorporated into the wake in the
far field, which can be described in linear theory. This
implies that dFDF /dt = dFlin/dt. Therefore, at large
enough times, what is constant with time is the differ-
ence Flin − FDF = F0 ln(λ˜RB/[λRs]) = ln(λ˜A/λ). The
formula FDF = (η/2)
−0.45Flin may induce a significant
fractional error at large Coulomb logarithms.
Figure 6 shows the drag force at t˜ = 11.3 for a per-
turber withM = 2.5 and differing A. Note that Acr = 7
in this case. We see that the drag force when A < 8
increases linearly with lnA, as predicted in linear theory
(see Eq. 12). For A > 8, the drag force is essentially con-
stant with A. The transition between the linear regime
and the plateau, where the force becomes almost con-
stant, is abrupt.
7Fig. 8.— Density color maps in logarithmic scale and velocity field at t = 1.5RB/c∞ (upper panel) and t = 15RB/c∞ (lower panel) for
a gravitational body with A = 50 andM = 1.15. The gas is adiabatic.
Figure 7 shows the drag force, as a function of time,
for M = 2.5, 1.5, and 1.15, with A = 20, and 50. The
drag force displays some oscillations with time, but the
amplitudes of the drag force for A = 20 and A = 50
are similar. At Mach numbers 1.5 and 2.5, Equation
(11) predicts the amplitude of the drag force correctly
for λ˜ = 0.33 and λ˜ = 1.2, respectively. This clearly
shows that λ˜ depends strongly onM. At Mach number
1.15, a λ˜-value of 2.54 is required to fit the amplitude
of the drag force at t˜ = 12–14, but it fails to reproduce
the strength of the drag force at shorter times. In fact,
as the Mach number approaches to 1, an increasingly
longer time is required until the drag force increases log-
arithmically in time. Thus, Equation (11) is not a good
approximation at early times in those cases. The rea-
son is that perturbers moving at speed near Mach 1, can
sustain a large envelope of gas, and the time required for
the perturber to establish such a quasi-stationary den-
sity envelope increases whenM→ 1. This is illustrated
in Figure 8. We see the temporal evolution of the bow
shock and the formation of the envelope for a perturber
moving at M = 1.15, and with A = 50. For this tran-
sonic Mach number, the distance of the bow shock at
t˜ = 15 is a factor of 2 larger than for M = 1.5. This
explains why the minimum radius is larger atM = 1.15
than it is atM = 1.5.
Figure 9 shows the drag force at t˜ = 11.3, as a func-
tion of Mach number. As reported in KK09, the Mach
number corresponding to the maximum drag force shifts
from unity to ∼ 1.5 as the wake becomes highly nonlin-
ear. A minimum radius with λ˜ = 3.3M−2.5 provides a
good fit to the drag force for Mach numbers between 1.5
and 3. As already said, at Mach numbers close to 1, the
value of λ˜ cannot be established because, at those times,
Eq. (11) does not provide a good description of the tem-
Fig. 9.— Measured dimensionless drag force at t˜ = 11.3, as a
function of M, for A = 20 (asterisks) and A = 50 (diamonds).
The lines shown are the predicted values using Equation (11) with
λ˜ = 3.3M−2.5 (solid line), with λ˜ = 2M−2 (dotted line) and with
λ˜ = 2/(M2+1) (dashed line). The drag force using Equation (13)
with A = 50 is also shown (dot-dashed line).
poral behaviour of FDF . It is important to note that at
Mach numbers ≥ 2, λ˜ = 2/(M2+1) provides a good fit,
but especially a power law λ˜ = 2.0M−2, implying that
rmin = 2GM/V
2
0 , gives a better fit.
It is interesting to consider the point-mass case as the
limit when Rs = 0. The structure of the wake past a
body with a nonzero Rs is different to a case where Rs =
80. In the first case, there is conservation of mass in the
whole computational domain, whereas in the second case
one must implement an inner boundary condition where
“accreted” gas particles are sinked. Canto´ et al. (2011)
studied the point-mass case in the hypersonic case and
found rmin ≃ 0.8GM/V
2
0 . Therefore, although the flow
past a point-mass accretor is different to the flow past
a non-accretor, the minimum impact parameter in the
drag force might be relatively similar.
5. DISCUSSION AND CONCLUSIONS
The interaction between a gravitational perturber and
the ambient medium is a classical problem in astro-
physics (e.g., Bondi & Hoyle 1944). Star clusters moving
in cold interstellar gas, globular clusters in gaseous halos,
galaxies moving through the intergalactic or intracluster
medium, can be described as core potentials. In these
systems, it is usually assumed that their individual mem-
bers are accreting at so low enough rates that the mass
is conserved (i.e. gas removal due to accretion can be
neglected, see e.g., Naiman et al. 2011). In this paper,
we have studied the gravitational drag force (dynamical
friction) that their own induced wake produces on this
kind of objects. To do so, we have modelled them as
Plummer perturbers and the gas is assumed adiabatic.
We have studied both the linear and nonlinear regimes.
In the supersonic linear regime, the maximum of
the mass density in the wake created by a core (non-
diverging) potential is not situated at the minimum of the
gravitational potential but it is placed behind it. In the
linear regime, the minimum radius rmin cannot be much
larger than a few softening radii because beyond those
distances from the perturber, the wake density is almost
undistinguishable from the wake created by a point mass.
In particular, for the Plummer sphere with core radius
Rs, we confirm our previous result that the minimum ra-
dius for the drag force is ∼ 2.25Rs. Thus, rmin is fairly
independent of the Mach number. We must emphasize
that in the linear regime, the dependence on the partic-
ular radiative cooling and heating of the gas is through
the sound speed c∞.
If we keep RB fixed and reduce Rs, we have models
with higher A and, hence, the gas dynamics around the
body becomes nonlinear. When RB ≫ Rs (i.e. A ≫ 1),
the radius Rs becomes irrelevant as far as the drag force
is concerned. Thus, the minimum radius rmin must be
related with the Bondi scale and/or the “accretion” ra-
dius. Using axisymmetrical simulations, we found that
the drag force can be described well by using Ostriker
(1999) formula with rmin = 3.3M
−2.5RB for perturbers
with M ≥ 1.5 and A > Acr ≡ M
2 + 1. However, at
M > 2, the drag force can be equally explained using
rmin = 2M
−2RB or rmin = RA. The latter possibili-
ties imply that rmin = 2GM/V
2
0 at the hypersonic limit,
which resembles the scaling found for a point-mass (ac-
creting) perturber by Canto´ et al. (2011).
At large enough times, the wake can be decomposed
into the nonlinear part, which has reached a quasi-
stationary state and a growing far-field wake. Our work-
ing formula for the drag force naturally includes the fact
that at times ≫ RB/c∞, the material that is being in-
corporated into the wake has large impact parameters
and thus can be described using the linear theory, im-
plying that dFDF /dt = dFlin/dt. On the contrary, the
formula proposed by KK09, FDF = (η/2)
−0.45Flin, does
not match this condition, meaning that this relationship
between FDF and Flin should break down at a certain
t. We tested KK09 formula and found that it under-
estimates the drag force, especially at large times (long
wakes).
Applied to a perturber in orbit, KK09 argue that since
FDF ∝M
1.55, then the orbital decay timescale of a cored
perturber declines as τdec ∝ M
−0.55 (e.g., Binney &
Tremaine 1987). Our formula has the classical depen-
dence FDF ∝ M
2 ln Λ, where the dependence of lnΛ on
M is very weak. Thus, perturbers with an initial or-
bital radii much larger than RB decay in a characteristic
timescale ∝M−1.
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